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antecedents and consequences of the discovery. Instead, each 
chapter consists almost entirely of a derivation: how a given 
finding was first presented (or might have been presented) as 
a deduction from earlier work. Needless to say, such a deriva- 
tion does not necessarily follow the line of reasoning used in 
making the original discovery. 
The mathematicians whose work is represented in the book 
are Jacques Bernoulli, Roger Cotes, Leonhard Euler, James 
Gregory, Edmund Halley, John Machin, Nicolaus Mercator, Abraham 
De Moivre (7 chapters), John Napier, Isaac Newton (2 chapters), 
James Stirling, and John Wallis. There is no introduction, 
bibliography, or index. In only a few chapters are source 
materials cited. Thus the reader can only conjecture how much 
of a derivation is a rendering into modern notation of the 
original and how much is an imaginative construction. The book 
is replete with errors (Euler's constant is termed "the Gamma 
function") , misleading statements (Napier is apparently to be 
credited with using a formula for emx in constructing his tables 
of logarithms), and misprints. Editorial guidance appears to 
have been minimal. 
Behind the discoveries mentioned in the book lie stories of 
remarkable creative endeavor: Napier's formulation of logarithms 
in terms of progressions and his reformulation in terms of con- 
tinuous motion; Wallis' bold use of reasoning by analogy in 
arriving at his infinite product; De Moivre's finding of the 
normal curve while studying games of chance. Such stories are 
difficult to tell clearly and compellingly, and they need to be 
told anew in each generation. But logical derivations are not 
history. To be taken by the hand through a deductive chain of 
formulas to a discovery is to miss both how the discovery came 
to be made in the first place and why the discoverer might have 
been led to make it. 
A HISTORY OF THE CALCULUS OF VARIATIONS FROM THE 17TH THROUGH 
THE 19TH CENTURY. By Herman H. Goldstine. New York 
(Springer-Verlag). 1980. Studies in the History of Mathe- 
matics and Physical Sciences 5, xvii + 410 pp. 
Reviewed by Ronald Calinger 
Rensselaer Polytechnic Institute, 
Troy, NY 12180 
The calculus of variations has developed in two general 
stages. Its first stage, the geometric, originated in studies 
of isoperimetrical problems by ancient Greek geometers. The 
geometric method prevailed until the invention of the infini- 
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tesimal calculus in the late 17th century, when the new method 
of mathematical analysis began to displace geometrical methods, 
initiating the second stage, the analytical. Differential cal- 
culus and the calculus of variations became mature branches of 
mathematics during the 18th century. The two were and are 
closely related. Classical calculus of variations is concerned 
with the conditions for determining the maxima and minima of 
single integrals. The evolution of the concept of functionalsv- 
quantities dependent upon curves --that meet these conditions was 
of cardinal importance to the field, as Bourbaki has pointed 
out. 
Herman Goldstine meticulously examines the conceptual devel- 
opment of the calculus of variations during its analytical stage 
from the time of Fermat to that of Hilbert and the Chicago 
school headed by Bliss. His book has long been needed, since 
earlier works on the subject by Robert Woodhouse (1810) and 
Isaac Todhunter (1861) are outdated. Goldstine bases his own 
book on a small group of carefully selected papers, books, and 
authors that were decisive in giving the present shape to the 
field. Each of the writings is critically analyzed: older 
materials often appear in a new light; equations are rigorously 
derived. Each writing appears in chronological order. In this 
fashion the author provides a comprehensive view of the intel- 
lectual development of the calculus of variations. By ending 
the book with results of Bliss, the author has left outside its 
compass the contributions of Marston Morse and the development 
of optimal control theory in the 1950s. It is fitting that 
Goldstine, who studied at the University of Chicago, wrote this 
book, which is part of a project urged by Bliss. 
Chapters one through three survey the transition into the 
analytical stage of the calculus of variations. Appropriately, 
Fermat's principle of least time and his method of maxima and 
minima are the beginning topics. The fruitful interchange be- 
tween the problems, analogies, and methods of physics and mathe- 
matics is a thread that runs throughout the book. After Fermat 
comes Newton's study of motion in a resisting medium and the 
Bernoullis' brachistochrone problem, the curve of quickest de- 
scent. James and John Bernoulli posed this as a challenge prob- 
lem in the 1690s. Independently, Newton, Leibniz, and the 
Bernoulli brothers found the answer to be a common cycloid. 
Goldstine judges John Bernoulli's solution to be remarkable and 
persuasively argues that John Bernoulli's extension of his 
brother's proof of the sufficiency of maxima and minima of arcs 
in isoperimetric problems (1718) has not been fully appreciated. 
Euler and Lagrange are the next two major figures to appear. 
Euler clearly made more systematic and profound contributions 
to the field than did his predecessors. His book, entitled 
The Method of Finding Plane Curves that Show Some Property of 
Maximum and Minimum (1744), is a rich source. It contains the 
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Euler differential equation (the first necessary condition), 
results pertaining to geodesics on a surface, and a discussion 
of the principle of least action [l]. Goldstine indicates that 
Euler became interested in the calculus of variations after his 
formal schooling had ended. A paper by Euler published in 1726 
suggests, however, that his interest began while he was a student 
of John Bernoulli. Even in the 174Os, Euler still depended 
heavily upon geometrical reasoning and insights. Lagrange first 
provided the penetration of a thorough-going analytical method 
using variations. After corresponding with Lagrange and reading 
his papers of the late 175Os, Euler coined the name "calculus 
of variations" for the field. Among Lagrange's chief contribu- 
tions was an operational phase of the multiplier rule, which is 
developed in M&anique Analytique (1788). Goldstine notes that 
Lagrange gave only a rudimentary proof for this rule. At two 
later points in the book, he discusses Mayer's nearly complete 
proof and Hilbert's first rigorous one (1906). 
Chapters four through six investigate the continuing influ- 
ence of physics, the unfolding of more general problems, and the 
search for an exact basis for the field during the 19th century. 
The analytical mechanics of Hamilton and Jacobi, which is only 
briefly noted, appears to deserve a fuller treatment. Jacobi 
also discovered the second variation of functionals by building 
upon the work of Euler, Lagrange, and Legendre. Goldstine 
firmly establishes the importance of Jacobi's discovery, as 
well as of Clebsch's improvement of our knowledge of the second 
variation in an often neglected paper of 1857. Weierstrass, who 
is rightly famed for his search for clarity and rigor, substan- 
tially developed the exact basis. In studying conjugate points 
on extremal arcs, he demonstrated when related integrals can or 
cannot be a maximum or minimum. In addition, he precisely form- 
ulated the first three necessary conditions, introduced the 
fourth or Weierstrass condition (now called the second condition), 
and proved the sufficiency theorem for functions to be a maximum 
or minimum. 
Chapter seven ends the book with an account of the removal 
of a few remaining, major theoretical gaps in the foundations 
of the calculus of variations and the generalization of earlier 
results that occurred in the early 20th century. As one would 
expect, Hilbert, who brought out the importance of the calculus 
of variations in his Paris Problems (1900), is a crucial figure. 
Hilbert's invariant integral and existence theory strengthened 
the field's conceptual foundations; his invariant integral, for 
example, made it simpler to prove sufficiency theorems and to 
construct fields of extremals. Hilbert also discovered the 
intimate connections between minimum problems and boundary val- 
ues and he was the first to apply the tools of topology to the 
calculus of variations with good results. During the same per- 
iod, Kneser simplified the proof for Jacobi's condition, gener- 
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alized Gauss' theorem on geodesics, and found that certain 
properties of geodesics on a surface extended to extremals. 
Finally, among other things, Bliss extended Bolza's and Kneser's 
findings for the plane to three-space. 
The style and level of exposition of Goldstine's book limit 
its audience. Almost every page is replete with mathematical 
notation and equations. This situation is two-edged. While it 
illumines the author's mastery of and delight in the field, the 
thickets of equations make it difficult for the nonspecialist 
to follow the text. From a pedagogical viewpoint, more attention 
to definitions of terms, such as conjugate points, and some 
variance from the strictly chronological order of materials 
would have been helpful. 
These criticisms notwithstanding, Herman Goldstine has made 
a fine contribution to the history of mathematics. The calculus 
of variations is an important branch of mathematics. His in- 
ternal history of it constantly shows his adroitness with tech- 
nical detail and thematic developments. An adherence to internal 
history is not unusual in the history of mathematics, unlike the 
trend in the history of science, where broader social and intel- 
lectual histories are increasingly being written. For those 
historians of mathematics who are similarly turning to compre- 
hensive accounts with new narrative structures for technical 
studies of the type eloquently described by Bernard Bailyn in 
his recent presidential address to the American Historical 
Association [2], Goldstine's book should also serve as an im- 
portant source. 
NOTES 
1. In the section "Maupertuis on Least Action," Goldstine 
asserts that Maupertuis had expressed the principle of the con- 
servation of living force by 1750 as the law of the conservation 
of energy. The latter law was not worked out until a century 
later. 
2. See Bernard Bailyn, "The Challenge of Modern Historio- 
graphs , " The American Historical Review 87(l), l-25 (1982). 
